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Abstract. Stieltjes moment sequences {an}^_Q whose xth roots { '^/a^}^_Q 
arc Stieltjes moment sequences arc studied is a fixed integer greater than or 
equal to 2). A formula connecting the closed supports of representing measures 
of {flnlj^o ^'^'^ { V'^^ln^o established. The relationship between the holes 
of the supports of these measures is investigated. The set of all pairs [M, N) 
of positive integers for which there exists a Stieltjes moment sequence whose 
square root is a Stieltjes moment sequence and both of them have representing 
measures supported on subsets of (0, oo) of cardinality M and A'^, respectively, 
is described. 



In [6l [71 [8] Horn laid the foundations of the theory of infinitely divisible ma- 
trices, kernels and positive definite sequences. Among other things, he described 
Stieltjes moment sequences {a„}^Q whose all powers {a"}^o with positive real 
exponents a are Stieltjes moment sequences (cf. [8j Theorem 2.9]). In a recent 
paper |15j we asked the question: for what positive integers M is it true that the 
square root of a Stieltjes moment sequence {ai'd" + . . • is not a Stielt- 

jes moment sequence for all real numbers ai, . . . , aM > and < i9i < . . . < 
We will show that the answer to this question is in the affirmative foiQ M G {2,4}, 
and in the negative for M ^ {2,4} (cf. Corollary 18. 2|). 

The present work is motivated by the aforementioned papers (including |10l [2]). 
We will consider Stieltjes moment sequences {a„}5^Q whose >f th roots { v^a^}^o 




are Stieltjes moment sequences, where x \s & fixed integer greater than or equal 
to 2; by the Schur product theorem (see |12( p. 14] or [Oj Theorem 7.5.3]) this is 
equivalent to considering the xih. powers of Stieltjes moment sequences. Under 
the assumption that {a„}^Q is determinate, we give a formula for the (closed) 
support of a representing measure ^ of {an}^o written in terms of the support of 
a representing measure v oi { ^ya^}^o (^^^ Theorem 13. 3p . In Section [5] and |6] we 
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provide some solutions to the following problem: given a hole of the support of the 
measure /x, determine the circumstances under which the support of v has a hole 
and then localize it (see Theorems 15.31 and 16. 3p ; the converse problem is studied 
as well (sec Theorem 15. ip . Some solutions of this problem arc written in terms of 
the parameters is and l* that describe, in a sense, the geometry of the hole of the 
support of (see Theorem 16. 3|) . Using the results of Sections [JMl wc construct 
a variety of examples illustrating the concepts of the paper (see Section [7|) . In 
particular, an example of a Stieltjes moment sequence which xih root is a Sticltjes 
moment sequence for x = 2,4, but not for k = is furnished (see Example 17. 6p . 
We conclude this paper with a description of the set of all pairs (M, N) of positive 
integers for which there exists a Stieltjes moment sequence whose square root is a 
Stieltjes moment sequence and both of them have representing measures supported 
on subsets of (0,oo) of cardinality M and N, respectively (see Theorem 18. ip . The 
reader is encouraged to refer to [H [3l I13L 114) for the mathematical details of the 
theory of classical moment problems. 

2. Preliminaries 

From now on, the fields of real and complex numbers are denoted by R and C, 
respectively, and Z stands for the set of all integers. Set R+ = {a; S M: a; ^ 0}, 
Z+ = {n € Z: n > 0} and N = {n G Z: 7i ^ 1}. Given a; G M, we define 
[a;J — max{ri S Z: n ^ x} and \x~\ = min{n G Z: x 5C n}. The cardinality of 
a set X is denoted by card(X). stands for the >?-fold Cartesian product of 
X by itself. We write supp fj, for the (closed) support of a regular positive Borel 
measure /x on a Hausdorff topological space. Given 6 G R+ , we denote by Sg the 
Borel probability measure on R+ concentrated at {9}. 

A sequence {a„}^g C M . is said to be a Stieltjes moment sequence if there 
exists a positive Borel measurq^ M on R+ such that a„ = /jg^ a;"d iJ.{x) for all n G Z+ ; 
such fi is called a representing measure of {onlJ^Lo- ^ Stieltjes moment sequence 
has a unique representing measure, we call it determinate. Recall that (cf. [4j) 



(2.1) 



each Stieltjes moment sequence which has a compactly supported rep- 
resenting measure is determinate. 



It is well known that if (X, E, fj) is a measure space, / is a complex Z'-measurable 
function on X and /-^ |/|''d < cjo for some r G (0,oo), then the /z-essential supre- 

/ \ i/p 

mum of I/I is equal to limp_^oo ( l/l''d/ij (cf. p. 71]). This implies that 

if {dnli^Lo is a Stieltjes moment sequence with a representing 
(2-2) i/„ 

measure ^, then lim„_j.oo o-n ~ sup supp /z. 

Given an integer >f 2, we define the continuous mapping tt^ : — > R+ by 

(2.3) ■K^{xi,...,x^)=xi---x^, xi, . . . G R+. 

Lemma 2.1. Let F he a subset o/ R.^ and x he an integer greater than or equal 
to 2. If F is compact, then tt^^F'^) is compact. If ^ F and F is closed, then 
Tr^{F'^) and ■n^{F'^) is closed. 

Proof of Lemma 12.11 Clearly, it is enough to consider the case when ^ F 
and F is closed. We claim that if {(a;^"\ . . . , .Tlr')}5^Li ^ F'^ and the sequence 



Such being finite is automatically regular (see e.g., Theorem 2.18]). 
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{7r^(xJ"\ . . . , xIT'')}^! is convergent in R+, then there exists a subsequence of 
{{x^^\ . . . ,a;2^'')}^]^ which is convergent in F'^. 

First note that the sequence {Xj"^}^^]^ is bounded for each j G {!,..., 
Indeed, otherwise, by passing to a subsequence if necessary, we may assume that 
for some k € {1, . . . , >c}, x^"^ — ^ oo as n — >■ oo. Since F is cfosed and ^ F, we 
deduce that inf„^i xj"'' > for aU j e {1, . . . , >f}. This imphes that the sequence 

{Tr^{x^j^\ . . . , x^^'^)}'^^i is unbounded, which is a contradiction. Now using the 
compactness argument, we estabhsh our claim. 

By the assertion just proved, we see that <^ tt^{F^) and tt^{F'^) is closed. □ 

Note that Lemma 12.11 is no longer true if the assumption ^ F is dropped. 
Indeed, ii x ^ 2 and F = {0, 1, 2, . . .} U {i, 5, |, ■ ■ ■}, then F is closed, while 
TT^i^F^), being equal to the set of all nonnegative rational numbers, is not closed. 

3. The relationship between supp /i and suppz^ 

In the present paper we consider the following situation: 

{a„}^Q is a Sticltjes moment sequence with a representing measure fi, x is 

(3.1) an integer greater than or equal to 2 and { y^a^jj^o ^ Sticltjes moment 
sequence with a representing measure v. 

We begin by proving the basic relation between fi and v. 
Lemma 3.1. // (j3.ip holds and {a„}^Q is determinate, then 

(3.2) fi{E) = j/^^(7r;;i(£:)) for all Borel subsets E o/M+, 

where z/®^ is the x-fold product of the measure v by itself and tt^ is as in (|2.3p . 
Proof. It follows from Fubini's theorem and [5l Theorem C, p. 163] that 

where ly'^^ o tt~^ is a positive Borel measure on M_|- given by the right hand side 
of the equality in p.2p . Thus, by the dcterminacy of {ftnli^Loi the measures fi and 
jy*^^ o 7r~^ coincide. □ 

The following lemma which describes the support of the transport of a measure 
is surely folklore. For the reader's convenience, we include its proof. 

Lemma 3.2. Let X and Y be Hausdorff topological spaces, p and a be regular 
positive Borel measures on X and Y, respectively, and (j): X ^ Y be a continuous 
mapping such that (j{E) ~ p((j)~^{E)) for all Borel subsets E ofY. Then 

supper = (/)(suppp). 

Proof. We begin by showing that ^(suppp) C supper. Take x E supp p. Let 
V be an open neighbourhood of (t){x). By the continuity of cj), the set <j>~^{V) is an 
open neighbourhood of x, and thus cr(T^) = p{(/)~^{V)) > 0. Since V is an arbitrary 
open neighbourhood of (f>{x), we get 4>(x) G supper. 

It remains to show that Y \ 0(supp p) C y \ supp a. Take y E Y \ 0(supp p). 
Then y := y\0(suppp) is an open neighbourhood of ?/ such that yn0(supp p) = 0. 
This implies that (f>~-^{V)r]supp p = 0. Hence cr(l/) = p{(j)~^{V)) = 0, which yields 
y &Y \ supp cr. This completes the proof. □ 
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We are now ready to provide a formula connecting supp /i with supp v. 
Theorem 3.3. Suppose (|3.ip holds and {a„}J^Q is determinate. Then 
(3.3) supp /i = TTj^ ((supp i')^) . 

Moreover, i/ supp is compact or ^ supp j^, then supp/i = 7rj^((supp i^)^) . 

Proof. Applying Lenimata l3.1l and l3.2l and the well known equality supp i^®^ = 
(supp z^)^, we get p.3p . The "moreover" part follows from ()3.3|) and Lemma im □ 

We will show in Example 17.11 that the closure sign in p.3p cannot be omitted. 

Corollary 3.4. // p.ip holds and {a„}JJLQ is determinate, then 

(i) supp I' C J^supp fi, 

(ii) card (supp I') ^ card (supp /^), 

(iii) sup supp ~ ^sup supp fi. 

Proof. Conditions (i) and (iii) follow from Theorem 13.31 (condition (iii) can 
also be deduced from (12.21) ). Condition (ii) is a direct consequence of (i). □ 

As shown in Example 1 7. 2 [ inclusion (i) in Corollarv l3.4l mav be proper. In turn, 
inequality (ii) in Corollary 13.41 may be strict (however, in view of Theorem 13. 3[ if 
card (supp/i) = Hg, then card (supp i^) = card (supp //)). In fact, it may happen 
that suppz^ is discreet and has only one accumulation point, while supp/i ~ M-|- 
(cf. Example [7T|) . 

4. Transforming holes of supp /t and supp v 

Suppose (|3.ip holds. In this and the subsequent two sections we will study the 
relationship between the following two situations: 

supp/i C [0,-di] U [■&2,'&3] with i?i,i?2,'!?3 e M such that i9i < '!?2 ^ 1^3, 
supp v C [0, a] U 7] with a, /3, 7 e R such that < a < /3 ^ 7. 

Hereafter we will consider a transformation (1^1, 1^27 ^^3) (a, P, 7) between triplets 
of real numbers satisfying the inequalities ^ ^1 < ^2 ^ "^s and ^ a < /3 ^ 7 
which is given by 

(4.1) a = /? ^ and 7 = v^. 

W3 

This transformation is well defined (because (f|)'^ < (f|)^ ^ ) and injective, 
but not surjective. A triplet (a, /3, 7) with 0^a</3^7is the image of some 
{'&i,i}2,'&3) under this transformation if and only if a'^'^^^ < If this is the case, 
then 

dj^^a-f''^\ 1^2 and i?3 7''. 

Given real numbers '&i,'&2, ^^3 such that < iJi < i?2 ^ i?3, we set 

(4.2) a^^^V^,, /3t = V^. 

The quantities just defined will play an essential role in Theorem l5.3l below. Clearly, 
if a, /3 and 7 are defined by (|4.ip . then 

(4.3) < a < ^ < 7, a < /3, s; < ^ and a-/'"~'^ < P'" ■ 
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Note also that 



< /3 ii and only if '02 < i^s- 
In general, there is no order relationship between and f3^ . Obviously we have 

</3^ < did^^^ and = <^ z?^ = ^i'd^-\ 

The reader should be aware of the fact that the quantities a, /?, 7, and (3^ depend 
not only on 192 7 '^a) but also on >c. Making explicit the dependence on we 
can formulate the following result. 

Proposition 4.1. If ^ < §2 ^ 1^3 < 00 , then 

(i) lini^_^oo a^x) = ■d2/'&3, 

(ii) linij^_j.oo 13^ = 1 provided that di > 0, 

(iii) if (k) < {>c) for some >f ^ 2, then a^{>t') < (3^{>c') for all k' ^ yt. 
Moreover, if < < ■&2 < "^3 < 00, then 

(iv) at(i,) </3t(,,), 

(v) the sequence {/3^(>«r) — a^(>f)}^^^^ is strictly increasing provided that either 



i9i 1 or ?9i > 1 and \ogdi ^ ^ \og'&3, 



where 
(4.4) 



= t,(^9i,^?2,i^3) :=! + 



log (^3/^1) 
log(^93M) 



^ 2. 



Proof. The properties (i)-(iv) are easily seen to be true. 

(v) Define the function /: [is,c») — >• ]R_|_ by f{x) = — for x G 

[tsjOo). It follows from (iv) that 



(4.5) 

Note that 
(4.6) 

If i9i ^ 1, then 



X^f'ix)^ V^l0gl?i--^V^l0gl?3, X€[Ls,(X)). 
C3 



-x'fix) — yd. 



1?3 



H3t 



logz9i ^0, a; e [is,oo). 



In turn, if > 1 and logi?i ^ logi?3, then 



-a;^/'(x) s=: (^Vi?i- V'?3jlogi?i <0, a;G[6„c^). 

Hence, in both cases, f'{x) > for all x G [ls,oo), which implies that / is strictly 
increasing. Since f{x) ~ {x) — a'^{x) for >f = 2, 3, . . . , the proof is complete. □ 

Regarding Proposition 14. 1 l (v) . we note that the sequence {(3^{>c) — (>c)\^^^ 
may be strictly decreasing (e.g., consider -dx — 2,^2— 5/2 and t93 = 2 • 10''). 
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5. Relating holes of supp /i and supp;^ 

Our next goal is to analyze the situation when the support of a representing 
measure v of the yc\h root of a Stieltjes moment sequence {flnlj^o ^ hole. A 
natural question arises as to whether the support of a representing measure [i of 
{an}$?Lo ^ l^ols ^^"i what is the relationship between these two holes. We also 
study the reverse influence. 

If a hole of supp v is properly suited to supp v, then we can locate the corre- 
sponding hole of supp fi. 

Theorem 5.1. // (|3.ip holds and h'{{a,/3)) = for some a,f3 G M. such that 
0^Q!</?^7:= sup supp ly < oo and aj'^^^ < P'^ , then 

(i) /^((i?!, 'i?2)) = and 'ds = sup supp /x < oo, 

(ii) a G supp v if and only if 'di G supp /i, 

(iii) /3 e supp ly if and only if G supp /i, 
where '&i aj'^^^ , '§2 and := 7^. 

Proof. Employing (j2.ip and p.2p . we deduce that the Stieltjes moment se- 
quences {an}'^^Q and {y^a^j^o ^^'^ determinate, supp/i C [0,7^] and 7^^ G 
supp /i. It is also clear that supp ly C [0, a] U [/?, 7] and 7 S supp i^. 

(i) Take x € supp ^. By Theorem 13. 3[ there exist xi, . . . , x,^ e supp v such that 

If e 7] for every i e {!,. then evidently x ^ /J"^ = i?2. 

Otherwise, there exists io g {1, . . . , >f} such that Xi„ e [0, a], and thus 

Hence supp^ C [0,1)1] U ['d2,'&3], which gives (i). 

Now if a G supp I' (respectively: /3 S supp;^), then the fact that 7 e suppi^ 
enables us to infer from p.3p that ?9i = 07^"^ e supp /i (respectively: — Z?'^ G 
supp/i). Therefore, it remains to prove the "if" parts of assertions (ii) and (iii). 

(ii) Assume that € supp /i. Then, by Theorem 13.31 = xi - ■ ■ x^ for 
some xi, . . . ,x^ € suppi^. Suppose that, contrary to our claim, a ^ suppz^. If 
Xi £ [/3,7] for every i E {1, . . . , x}, then clearly 1)1 ^ = i?2, which contradicts 
the assumption that 07^^^ < /3^. Otherwise, there exists io € {l,...,>c} such 
that Xig € [0, a]. As a ^ supp v, we must have Xi^ < a and so 

< a7"-i =^1= x,„ • n < 

which is a contradiction. 

(iii) Assume that ~ G supp/i. Suppose that, contrary to our claim, 
/? ^ supp V. Since 7 G supp v, we must have 13 < j. Clearly, the set supp v D [13, 7] 
is compact and nonempty. Set /3' — min(suppj/n [/3,7]). Since /? ^ suppi^, we get 
^ a < /3 < /3' < 7 and u{{a, /3')) = 0. Note that 

(5.1) a7^-i < < /3'^. 

Hence, by (i), applied to the triplet {a,/3',j), we have ii{{a"i^~^ , (3'^)) = 0, which 
together with (|5.ip contradicts the fact that € supp /i. □ 

Regarding Theorem 15.11 one might expect that the idea of the proof of (iii) 
would apply to the proof of (ii) in the case of a > 0. However, it may happen that 
there is no point in supp f lying on the left hand side of a (see (|7.4p in Example 
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I7.2p . and so this idea could not be apphed. In turn, (iii) can be proved in the same 
manner as (ii) . As shown in Example 17.31 the "if" parts of assertions (ii) and (iii) 
are no longer true if we drop the assumption that /?)) = (though their "only 
if" parts are always true). 

Remark 5.2. Under the assumptions of Theorem 15. 1[ if 

, I sup([0, a] n sup 1^) when [0, a] n sup ^ 0, 
a -.^ < 

I otherwise, 

and 

/3' := inf([/3,7] n suppi^), 

then a' Of, /3 /3' 7, iy{{a' , l3')) = and < which means that 

the numbers a', /3' and 7 satisfy the assumptions of Theorem 15. II 

Our goal now is to look for holes of supp v that may correspond to a given hole 
of supp fi. 

Theorem 5.3. // (|3.1|) holds and //((iJi, 192)) — for some 'di,'d2 & K such that 
^ 7?! < ■d2, then 

(i) J/((/3^,/?)) = provided that {a„}^g is determinate, 

(ii) i/((a, a^)) = provided that ^2 ^ ??3 supsupp// < 00, 

(iii) i/((q!,/3)) = provided that §2 ^ "i^a := sup supp /i < 00 and any of the 
following two conditions holds: 

(iii-a) either < a\ or ^ and yc~^Z, or f3^ = and (3 G supp v, 
(iii-b) ^ a < and (3 e supp ly, 

where a ^ ^^W^, P ^ W2, 1 = Wz, ^ and = Wi- 

Remark 5.4. Note that if k is an integer greater than or equal to 2, ^ i?i < 
"^2 ^1^3 := sup supp /X < 00 and [3^ ^ a\ then ^ a < . Indeed, since the case 
"^2 = ^^3 is obvious, we can assume that ^2 < i^s- Then 

^3 " V^3^ V^?3^ ' 

which yields j a < . It may happen that condition (iii-b) of Theorem 15.31 is 
satisfied, while condition (iii-a) does not hold (cf. Example l7.2p . Moreover, assertion 
(iii) is no longer true if we drop either the assumption that /3 € supp v (cf. Example 
17. 3p . or the assumption that ^ a < a' (cf. Example 17. 4p . 

Proof of Theorem 15.31 (i) Suppose that, contrary to our claim, there exists 
X G supp ly such that f3^ < x < /3. Then, by (|3.3p . we have x'^ G supp /i. This and 
i?i < a;^ < '!?2 lead to the contradiction that /x((t?i, 1^2)) = 0. 

(ii) By (|2.ip . the Stieltjes moment sequence {a„}^g is determinate. Hence, 
by CoroUarv I3.4f iii). we have 7 = G supp:^. Suppose that, contrary to our 

claim, i^((a, a^)) > 0. Then there exists x G suppj/ n (a, a^). It follows from p.3p 
that xj^~^ G supp/i. This and the inequalities 

^1 = a7^-i < X7^-1 < a1"7^-i = 

lead to /i((i?i, '(92)) > 0, which contradicts our assumption that /x((i?i, 1^2)) = 0. 

(iii-a) In view of ()2.ip . {a„}^g is determinate. Hence, by (i) and (ii), we have 
i^((a,a^) U (/3^/3)) = 0. So if < then i^((a,/3)) = 0. Assume now that 
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and x ^ 3. It is enough to show that ^ supp v. Suppose that, contrary 
to our claim, G suppt^. By Corollary 13 .4r iii) . 7 = S suppj/. This and p.3p 
imply that (a^)^"^7 G supp/i. Since >f ^ 3 and = < /? ^ 7. we have 

Hence 7?2)) > 0, which is a contradiction. Finally, the case of (3^ = a"^ and 

(3 e supp u follows from Remark 15.41 and (iii-b) . 

(iii-b) Set aj = (^)-'a and = {^ya^ for j = 0, . . . , >f — 1. Note that 

(5.2) aj < a] for j = 0, ...,>!:— 1, and ag — a < (3 — o}^_^. 
We claim that 

(5.3) i.((aj,a])) = 0, j = 0, 1. 

Suppose that, contrary to our claim, i^((q;j, aj)) > for some j G {0,...,>f — 1}. 
Then there exists x G (Q;j,aj) H suppi^. By Corollary I3.4f iii) . 7 G suppi^. Since 
/3,7 G supp I', we infer from p.3|) that xp^^^^^^^ G supp /i. Noting that 

< x/3J7^-i-^' < a];3^7^-i-^' = (p^a^/3^7''"^"^' = a^7^"^ = 7?2, 

we get //((i?!, i?2)) > 0, in contradiction with our assumption that /i(('!9i, 192)) = 0. 
The inequality '^a < is easily seen to be equiyalent to 

(5.4) aj+i<a], j = 0, . . . , >^ - 2. 
We will show that 

(5.5) (a,/3)= |J(a„aJ). 

i=o 

Indeed, assuming tha10 ^^2 < ^^3, we see that if x G (a,aj<_i], then a; G (aj,aj+i] 
for some j G {0, — 2}. Hence, by (|5.4p . x G (aj,a|). Since, by (|5.2p . 

(aj^_i, a|^_j^) = (q;>c_i,/3), the equality (|5.5p is proved. 

Combining (15.31) with (|5.5p . we conclude that i^((q;,/3)) = 0. This completes 
the proof. □ 

Regarding Theorem 15.31 we can write the following analogue of Remark 15.21 

Remark 5.5. Suppose that p.ip holds and i?i,i92,'?3 arc real numbers such that 
^ i?i < 5$ i?3 = sup supp ^ and /i((i?i,i?2)) = 0. Set i9'i = t?^ = inf ([i92, ^?3]n 
supp^) and -d'^ = 'da. Then i9[ < -d'^ d'^ ^ supsupp^ and /i((??i, "iJs)) 0. 
Let a, a^, /3, /3^, 7 (respectively a' , a^' , /3', P^', 7') be numbers attached to -di, ^2, 1^3 
(respectively , -iJs , 1^3 ) via g3]) and gj]). Then a = a', a'f a'f', ;3 s$ /3', 
/3t = and 7 = 7'. Hence, if /J^ < or < Q^^ then < a^' or a^' 
respectively. This means that we can apply Theorem 15.31 to the new system of 
numbers 'di,-d2,'&3, a, a^' , ^^/3^7 (note that if /3 G supp I', then by Corollarv l3.4l (i) 
we have 1^2 = G supp/^, and so i?2 = ^2)- 



The case of ^2 = ^3 is obvious. 
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Corollary 5.6. Suppose holds. Let 191,1^2,1^3 be real numbers such that ^ 

<'&2^ and let a := ^ V^, (3 := 7 := and Then 

the following assertions are valid. 

(i) If '^2 < 1^3, {o.n}^=o T-s determinate and ^{{di,d2)) = fJ'{{'&2,^3)) ~ 0, 
then z.((/3t,/3)) = r.((/3,7)) =0. 

(ii) If ~ "^2 — supsupp/^ and i92)) = 0, then i^((a, /?)) ~ and 
13 G supp v. 

(iii) // = ^3> ^1 G supp/i, 192 = supsupp/i and fi{{'di,'d2)) — 0, then 
;/((a, /?)) = anc? a, /3 S supp i>. 

(iv) // 192 = 193 , then the following two conditions are equivalent: 

(a) -di e supp/i, t92 — supsupp/i and ^({■di,'d2)) = 0, 

(b) a G supp;^, /3 = sup supp and ;/((a,/3)) = 0. 



Proof, (i) Apply Theorem lOlfi) to intervals (i9i,?92) and (t?2,'(?3)- 

(ii) and (iii) These two assertions can be deduced from assertion (ii) of Theorem 

5.31 ()2.2p and assertions (ii) and (iii) of Theorem 15.11 (because P = a^). 

(iv) Implication (a)=>(b) can be inferred from (iii) and (|2.2p . The reverse 

implication is an immediate consequence of Theorem 15.11 □ 



See Appendix for another proof of the imphcation (a)^(b) of Corollarv l5.6l (iv). 

We conclude this section by discussing the case when the support of a repre- 
senting measure of a Stieltjes moment sequence is contained in a closed interval 
[t9, 00); t9 > 0. Note that -d corresponds to 192 in Theorem 15. II 



Proposition 5.7. Suppose that (|3.ip holds and {ftnlJ^Lo determinate. Then the 
following assertions are valid. 

(i) // 1^([0, /?)) = for some real number /3 > 0, then /i([0, /3^)) ~ 0. 

(ii) ///^([O, i9)) = for some real number d > 0, then i^([0, V^)) = 0. 

(iii) // /i([0,'!9)) = for some real number ■& > such that i9 G supp/i, then 
i/([0, V^)) = and \/?9 G suppi^. 



Proof. Assertions (i) and (ii) follow from Thcorcm l3.3l 

(iii) By (ii), we have i'([0, V?9)) — 0, and thus ^ suppi^. It follows from 
Theorem 13.31 that -d = xi ■ ■ ■ for some xi, . . . ,x^ G supp:/. Suppose that, con- 
trary to our claim, ^ supp ly. Then Xj > \fd for all j G {1, . . . , >f}, and thus 
i9 = xi • • • > 19, which is a contradiction. □ 

6. When is (a,/?) a hole of suppz^? 

Before stating a theorem which provides an answer to the above question, we 
introduce a new parameter ; * and prove two technical lemmas about the parameters 
is (cf. (|4.4p ') and i*. For real numbers ^1,1^2, ^3 such that < ?9i < z92 < "ds, we set 

log(^3M) 

log (i92/i9i)_ 

Note that the following equalities hold for all t G (0, 00), 

is(^?l,l^2,^?3) = is{tdi,t^2,tl}3) and 4(t9i,,92,l93) = i;{t^i,tl}2,t^3). 

Lemma 6.1. If ^i,'&2,'&3 £ ^ are such that < 79i < 792 < 1^3, then the following 
assertions are valid: 

(i) is = 2 implies i* ^ 2, 



3.1) i:=i:(i9i,i92,i93):=l + 



^ 1. 
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(ii: 

(iii 

(iv 
(v 
(vi 
(vii 
(viii 



ts = 3 implies l* G {1,2}, 

is = 3 and l* = 2 if and only if i5i??3 = d'^, 



Is ^ 4 implies i* = 1, 
L* = 1 if and only if '&i'&3 < '&2, 
i* = 1 implies ig ^ 3, 
i* = 2 implies Lg G {2,3}, 
i* ^ 3 implies ig = 2. 
Moreover, for every integer p ^ 2, there exist real numbers 'i?i,i?2,'?3 such that 
< 7?i < < "i^a, is = 2 and i* = p. 



Proof. Suppose that t9i, i?2, i^a e K are such that < < '02 < ^3- First we 
show that there exists r S [0, 1) such that 

1 

is - 2 + r_ 

Indeed, by definition of tg, there exists r G [0, 1) such that Ls — 2 + r > and 
iog(!93/!?2) = '-s ^ 1 + This gives us ^ = (f^)'" ■ As a consequence, we have 



(6.2) 



2 + r > and t* = 1 



(6.3) 



which yields 

Conditions (i) to (viii) except for (iii) and (v) can be deduced from (|6.2p . 
Condition (in) follows from ([12]) and (|S3|). Clearly, l* ^ 1 if and only if < 
1, or equivalently if and only if i?ii?3 < 1)2, which gives (v). 

Now we justify the "moreover" part. Set t?3 = 1. For fixed i9i £ (0, 1) and p E 

2p-l 

{2, 3, . . .}, we define z?2 = 'di''^^ ■ It is a simple matter to verify that -di < -02 < i^a, 
Ls = 2 and l* — p. This completes the proof. □ 

Lemma 6.2. Let '!92, "i^a be real numbers such that < tJi < i?2 < ^3- Then the 
following assertions hold: 

(i) if = and x ^ 3, then i* = 1, 

(ii) if K = 2, then = (3^ if and only if is = 3 and l* = 2, 

(iii) if K ^ i* , then ^ a < , 

where a, , /3, (3^ and 7 are as in (|4.ip and (|4.2p . 
Proof, (i) By (g^l), we have 

Since >tf ^ 3, we get 1 — > 0, and thus i?]^ " < 'd^ " , which together with (|6.4p 

?92- By Lemma r6.1f v). /,* = 1. 
p'^ if and only if -di-ds — 'd\. Applying Lemma l6.1f iii) 



(6.4) 



implies that i9i7?a < ( ^^a \/ 



= ^3 



Hence 4^ > 



'153^ 



(ii) By 
completes the proof of (ii) . 

(iii) Since ^ t*, we see that h > 

57 (1^)^^'' ' which implies that ce < . 

Theorem 16. 31 below gives sufficient conditions for an interval {a, (3) to be a hole 
of supp ly written in terms of the parameters tg and i* . 



and thus 
□ 
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Theorem 6.3. // dSj]) holds, ^((i?i,i?2)) = for some ^i,'d2 € M such that 
< t?i < i?2 < 1^3 := supsupp/i < oo and any of the conditions (i)-(v) below is 
satisfied, then j/((a,/3)) = 0. 

(i) >c ^ L* and /3 e suppj/. 

(ii) is J? 's '^^^ /3 G suppi^. 

(iii) is J? 3 and /3 G suppt/. 

(iv) is ^ 4. 

(v) it^l. 

{a,l3,Ls,L* are as in (gj]), (gH) and (pT^ .) 

Proof, (i) Apply Lemma lOl iii) and Theorem 15 . 3l (iii-b) . 

(v) We deal first with the ease in which G supp/i. We will show that 
/? € suppz^. By (|2.ip . Corollary 13. 4l fiii) and Theorem 13. 3[ there exist xi, . . . G 
supp V such that ~ xi ■ ■ ■ x^. It follows from (|4.2p and (|4.3p that ■(92 = Q!^7^~"'^ 
and < , xi , . . . , ^ 7. Hence 

(6.5) Xje[a\j], J e 

Note that xi = ■ ■ ■ ^ X;^. Indeed, otherwise Xk < xi for some k ^ I. Since, by 
Lemma IHTlT v). i9i??3 < "d^, we have 

(6.6) ,?2>4- n ^.-'?2- > 1^2-= ^>^1. 

Applying Theorem 13.31 we see that x\ ■ Y\j^{k 1} ^ supp/i, which together with 
(|6.6p shows that /Lt((i?i, 1^2)) > 0. This leads to a contradiction. Since xi = • • • = x^, 
we deduce that j3 = \f&2 = xi G suppz^. Applying (i), we get v{{a., /3)) — 0. 

If 1^2 ^ supp/x, then we argue as follows. Set — inf([i?2, i^s] H supp/x) and 
13' = Then /3 /?' and Ai((i?i, i^a)) = 0. If ^'2 = i?3, then by Corollary Eljii) 

we have i^((a,^)) ^ z^((a,/3')) = 0. Otherwise 'd'2 < i^3- Since 1 ^ '^2> '^s) 

t*('(9i, 192, ^93) = 1 and z?2 € supp/i, we may apply the argument from the previous 
paragraph to i?i,'!?2:^3- What we obtain is j/((q!,/3)) ^ i'{{a,(3')) — 0. 

(iv) Apply (v) and Lemma l6.1f iv). 

(ii) li K L*. then we may apply (i). Consider the case of >r < i*. Then, by 
is ^ ig, we have 2 ^ >f < is. Thus, if is ^ 4, then we may apply (iv). It remains 
to consider the case of is = 3. Then clearly x = 2. It follows from is = 3 that 
tllt'Jftl] ^ 2, or equivalently that ^ > (||)2, which is equivalent to <; Q,t. 
Applying Theorem 15. 3l (iii-a) gives i'{{a,f3)) = 0. 

(iii) Since, by parts (ii) and (iv) of Lemma 16. 1[ the inequality ig 3 implies 
that is > i*, we can apply (ii). This completes the proof. □ 

Note that conditions (ii)-(v) of Theorem 16.31 impose no restriction on >c, and 
that Theorem 16. 31 is no longer true if any of the assumptions (i)-(v) is dropped (see 
Example [73] for the discussion concerning the assumption /? G supp and Example 
17.41 for the discussion concerning the remaining assumptions). 

Corollary 6.4. Let {flnli^o ^'^ Stieltjes moment sequence with a representing 
measure fi such that < 1^3 := supsupp/i < 00. Suppose /i((t9i, i92)) ~ for some 
'&i,'&2 & ^ such that < t9i < i?2 < ^3- Assume that the set 

(6.7) J := |>f G : K ^ 2 and { Stieltjes moment sequence^ 
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is nonempty. If l* = 1, then the following conditions are equivalent: 

(i) i?2 G supp n, 

(ii) /3(>f) € supp Uj^c for some x £ J , 

(iii) P{>c) € suppi^ji /or every k £ J , 

where = o.nd v^c is a representing measure of { \/a^}^o- 

Proof. By (|2.2p . we have 7(>f) := \/??3 = sup supp i^j^ for every m: E J. 

(i) =>(iii) It follows form Theorem I6.3l (v) that i^^{{a{K), (3{>c))) = for every 
X e J, where a{>c) = ^ \/i?3. Hence, by Theorem I5.1l (iii). G suppi^,; for 
every x £ J . 

(iii)=>(ii) Evident. 

(ii) =>(i) Applying p.3p . we see that = G supp^. □ 

It is worth mentioning that implication (i)^(iii) of Corollarv 16.41 is no longer 
true if we drop the assumption that ig = 1 (cf. Example 17. 3p . though the reverse 
implication is always true. What is more, the set J defined in (|6.7p may not be a 
set of consecutive integers (cf . Example 17. 6p . As shown in Example 17. 3[ the set J 
may contain only one point. It may also happen that J ~ {2, 3,4,.. .} (cf. [5]). 

7. Examples 

In this section we gather examples that illustrate the delicate nature of results 
appearing in Sections [31 [S] and [HI In what follows we adhere to the notation in 
dSl), (1121), (33) and (HH). If {a„}^^o and { To^Tj^^o are determinate Stieltjes 
moment sequences, then their representing measures will be denoted by pi and v 
respectively. 

We begin by showing that the closure sign in p.3p cannot be omitted. 
Example 7.1. Let k=2. For t e {0, i}, we set 

oo oo 

(7.1) ^:=y"— - — ^ + y"i^ nez+. 

J=2 ^ j=2 

It is clear that {y/(hi}^=o and {a„}^Q are Stieltjes moment sequences, and that 
^ ■— X]'il2 2~^^j_ + X]il2 is a representing measure of {-v/an }^o- Hence 

J j + T J 

(7.2) supp = {0} U I . . . , U {2, 3,4,.. .}. 

L 4 + r 3 + T 2 + rJ 

Now we show that {a„}^Q is a determinate Stieltjes moment sequence. For n ^ 1, 
we define the function /„ : M-|_ R+ by fn{x) = x^"e~^ for x £ M+. It is easily 
seen that /„ is strictly increasing on the interval [0, ^/n] and strictly decreasing on 
the interval [-^/n, oo). This implies that 

%/a2^ < l + 2^/n(j) 

i=2 

LVnJ-1 oo 

E E /"(j) + /n(LV^J) + /"(LV^J + 1) 

J=i j=LV^J+2 

< 1 + / /„(x) d.T + 2/„(V^), n ^ 4. 
Jo 
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By a suitable change of variables, we have 

2 Jo JO J I 

/oo />oo 
x"c"^da;^l + y x"c-^ d a; = 1 + ri!, n ^ 1. 

It is also clear that fni^/n) ^ n" for all n ^ 1. Putting all these together yields 
1^0271 ^ 471" for all ti ^ 4, which implies that J2'^=i'^2n^" — Hence, by the 



Carleman criterion (cf. |131 Theorem 1.10]), the Stieltjes moment sequence {a„}5^Q 
is determinate. 

We first consider the case of r = 0. By (|7.2p . the set 7rj;((supp z^)^) coincides 
with the set of all nonnegative rational numbers, and so, in view of Theorem 13. 3[ 
we have supp fi = M_|_ . 

Now suppose that t = 1/2. It follows from (|7.2p that 1 ^ 7rj;((supp i^)^) . Since 
1 = limj_>.oo ^TT' infer from (j3.3p that 1 e supp /i. 

As above we verify that the Stieltjes moment sequence {flnj^o given by 
00 00 ^ 



l/2„ 



satisfies the inequality ^/a^ ^ 3n" for all n ^ 2, which implies that X^i^i 
00. Hence, by the Carleman criterion (cf. |13l Theorem 1.11]), the Stieltjes moment 
sequence {a„}^Q is determinate (in fact, it is determinate as a Hamburger moment 
sequence, cf. |14( Corollary 4.5]). Choosing t G {0, ^}, we obtain new examples of 
Stieltjes moment sequences with the required properties. 



The next example is related to Corollarv l3.4l and Theorems 15.11 and 15.31 
Example 7.2. Set >f = 3. Let i?i,i92,i^3 be real numbers such that 

0<^i<^2<^3, ^<yf and M<{[f 

W3 V "3 V V W3 

(e.g., = -i^a = 1 and = 2). Then < a < < /J^ < /3 < 7 and 
< a^B < Q!^7 < aB'^ < aB^ 

(7 3) 



Set a„ = (a" +/3" +7")3 for n G Z+. Clearly {a„}^^o and {^}^=o are determi- 



rn=o 

nate Stieltjes moment sequences. We easily verify that the terms of the sequence 
(|7.3p form the support of /i and that suppi^ = {a,/?, 7}. Thus /i((7?i, ,^2)) = 0, 
{i?i,'i?2} C supp/i and ^([0,?9i)) > 0, though 

(7.4) u{{a, 13)) = 0, {a, /?} C supp and v{[0, a)) = 0. 

Since card (supp fj.) = 10, we see that supp f ^ ^supp ^. Moreover, if we replace 
the inequality < \J~^ by the stronger one < -y/ff (which is still satisfied 
by = ,92 = 1 and ,^3 = 2), then < and f3 g supp i^, though f3^ > . 

Example 17.31 below shows that the assumption that one or two endpoints of the 
interval (a, (3) belong to supp is essential for Theorems 15.11 15.31 and 16.31 as well 
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as for Corollary 16.41 Moreover, in this example, the set J defined in (|6.7|) consists 
only of one point 2. 

Example 7.3. Let k ^ 2, di ~ \, -§2 = \/a and i?3 = a with a G (l,oo). Then 
a = = = 1, /3 = and 7 = y/a. Set 

(7.5) a„ = ((at)" + 7")2 = ,9'/ + 2?9^' + i?^, n € Z+. 

Clearly {a„}^g and {v^lJ^o determinate Stieltjes moment sequences. It 
follows from (|7.5p that supp/i = 1^2, '^a} and supp v = {a^ Hence ^ a < a'^ , 
i/((a, /?)) > and a, /3 ^ supp i^. Moreover, we have ig = 3 > 2 = t*. 

We will show that { y^o^jj^o ^-^t a Stieltjes moment sequence for every 
integer ^ 3. Suppose that, contrary to our claim, { y^o^j^o ^ Stieltjes 
moment sequence for some integer >c ^ 3. Denote by the representing mea- 
sure of { v^a^l^o- By (|2.ip and Corollary 13.41 card (supp 1^,^) < 00 and = 
sup supp . Hence, in view of Thcorcm l3.31 supp/i = 7r;jt((supp z^;^;)^) . If supp 1^;^^ — 
{ V^}, then supp/i = {??3}, a contradiction. Otherwise, by p.3p . there exists x g 
suppi/^n(0, TW;^). Then, by (031) again, x° (T^)" , . . . , x'' 

is a strictly decreasing sequence of + 1 elements of supp fi. Since + 1 ^ 4, we 
arrive at a contradiction with card (supp /t) = 3. 

The subsequent example is related to Theorems 15.31 and 16.31 

Example 7.4. Let >c = 2. Set §1 = ^, ■^2 ^ 1 and -d^ = 9. Then a = i, = i, 
13^ = ^,^ = 1 and 7 = 3. Set a„ = (a" + (a^)" + /3" + 7")^ for n e Z+. The 
Stieltjes moment sequences {a„}^Q and {Va^lJ^Lo are determinate. It is easily 
seen that supp/i = {^, ^, i, i, i, i, 1,3,9}, /i((i^i, 1^2)) = 0, 1^2, i?3} ^ supp/i, 
:^((a,/3)) > and {a,/3} C suppi^. Moreover, we have 

(7.6) a^"</3^ Ja>a^ ts = 2<4 = t*. 

Now we show that Theorems 15 . 3l (iii) and l6.3l do not cover all possible situations 
in which supports of representing measures of the >fth roots of Stieltjes moment 
sequences may be involved. 

Example 7.5. Let x ~ 2. Set iSi = 1, '^2 = o? and -d^ = with a G (l,oo). 
Then a = ^r, = ^, /^^ = 1, ^ = a and 7 . Set o„ = (a" + /3" + 7")^ 
for n G Z+. Clearly {a„}^Q and {v^a^lJ^o ^'''^ determinate Stieltjes moment 
sequences. We verify directly that supp /i = {^, 1, a?, a^, a®}, /i((t?i, 1^2)) = 0, 
i?2, ^^a} ^ supp/i, i'((a,/3)) = and {a,/3} C suppi^. Moreover, (|7.6p is 
satisfied. 

We conclude this section with an example of a Stieltjes moment sequence whose 
>fth root is a Stieltjes moment sequence for >f = 2,4, but not for >f = 3 (consult 
CoroUarvIO)). 

Example 7.6. Fix a real number a > 1. Set a = a~^^ , = 1, 7 = a'^ and 

a„ = (d" + /3" + 7")^ neZ+. 

It is clear that {inl^O' {\An}n^o ^^"^ {\/an}n^=o determinate Stieltjes mo- 
ment sequences whose representing measures have finite supports. Wc claim that 
{ -v/onl^o is not a Stieltjes moment sequence. 
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For this, denote by /i and Vi the representing measures of Stieltjes moment 
sequences {a„}^o ^i^d {y/an}^=oi respectively. By Theorem 13. 3[ we have 

supp^i 7r4((suppj/4)^) = 7r4({a,/3,7}^) = {a^^^^^* : i,j e Z+, i + j < 4}. 
This imphes that 

(7.7) card (supp ^) = 15. 

Set i?i = a7^"\ t?2 = Z^"" and = 7^ with >f = 4. Clearly z?i = a'^*, = 1 and 
i?3 = a^^. Since suppi'4 = {a,/3,7}, i>'4((d,/3)) = and a^^ < we infer from 
Theorem O that m((i9i, i?2)) = 0, 1^3 — sup supp fj, and i?2, i^a € supp fi. 

Suppose that, contrary to our claim, { v^fVi}^o a Stieltjes moment sequence. 
Let V3 be its representing measure. In view of Corollarv l3.41 supp 1/3 is finite. Hence, 
by Theorem 13.31 we have 

(7.8) supp /i = 7r3( (supp 1/3)^). 

Let a, f3, 7, a'' and (3^ be as in pTTj) and with x = 3. Then a = a"^^, /3 = 1, 
7 = a^, = = a^* and 

(7.9) 07 < 07^ = T?! < 1. 

By Theorem I5.3l fiii-a). t/3((a,/3)) = 0. It follows from CoroUarv I3.4l (iii') that 
7 — sup supp j/3. Applying Theorem 15.11 we deduce that a,/?, 7 G supp 1^3. If 
card (supp ^3) = 3, then supp 1^3 = {a,/3,7}, and by ()7.8p we have card (supp /^) — 
10, which contradicts (|7.7p . The remaining possibility is that card (supp 2^3) ^ 4. 
Then there exists x g supp 1^3 n [(0, a) U (/3, 7)]. We will show that card (supp fi) ^ 
16, again contradicting (|7.7p . 

Consider first the case of x S (0, a). If a = .T7, then x = a~'^^ and the sequenc^ 

r32 232 2 22i 2 3l^ 

|x , X a,xa ,a,x ,xa,xa'y,a ^,x,x^,x^ ,1,7,7 i7 l^supp/z 

is strictly increasing. If a < 2:7, then (|7.9p implies that the sequence 

{x , X a, X , xa, x 7, xa7, x, a, X7, 07, X7 , a7 , 1, 7, 7 ,7 } C supp /i 

is strictly increasing as well. Finally, if a > X7, then, by (j7.9p again, the sequence 

{£.nYn=i ■■= {x^,x^a,x^,x^7,xQ;,XQ;7,x,X7,X7^,a7,a7^, 1,7,7^,7^} C supp^ 

is strictly increasing and < a < . If a 7^ ^9, then evidently card (supp /i) ^ 16. 
Otherwise x ~ a^^°, and thus S^q < < ^7, which yields card (supp /i) ^ 16. 
Let now x S (/3,7). Then by (|7.9p the sequence 

r3222 2 2i 232 2 3l^ 

|a , a ,xa , a 7, a, xa, x a, xa7, a7 , 1, x, x , x , x 7, X7 , 7 | C supp /i 
is strictly increasing. This completes the proof of our claim. 



We use 117.81 1 to justify that the terms of the sequences being considered are in supp/x. 
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8. Square roots 

In this section, wc concentrate on square roots of Stieltjes moment sequences 
which have representing measures supported in finite sets. For Af , N (z N, we define 
the following classes of Stieltjes moment sequences: 

• &M stands for the set of all Stieltjes moment sequences having represent- 
ing measures /x such that supp^ C (0, oo) and card(supp^) = M, 

• stands for the set of all sequences {a„}5^o such that {^/chi}^=o 
is a Stieltjes moment sequence, 

• ^Xi N stands for the set of all {a„}5^Q G Sa/ such that {y^l^^o *3jv- 
By p.ip . any member of &m is determinate. It follows from Theorem 13.31 that 

oo 

- I I «V2 

M.N- 

N=l 

We now describe all pairs (M,N) for which the classes &Xi n ^^"^ nonempty. 
Theorem 8.1. Let M,N e N. Then the following conditions are equivalent: 



•1) ©y; - u 6^ 



(i) eM,7v ^ 0- 

(ii) 2N -l^M 



(iii) n_(A/) s$ iV s$ n+(Af), 
where n_(A/) = |" V8M+i-i -| n+(A//) = [^^J . Moreover, the following holds: 

(a) {n_(A/)}^^2 fl*^^ {'^+(-^)}m=i are monotonically increasing sequences, 

(b) /or eac/i fc G N, exactly k terms o/ {n_ (Af)}^^]^ are equal to k, 

(c) /or each fc € N, exactly 2 terms o/ {n+(Af)}^^]^ are egzta/ io fc. 

Proof. (i)=>(ii) Take {a„}J^Q e &Xi n- Let ^ and be as in (|3.ip with x = 2. 
Then supp = {^i, . . . , ^a?}, where < < . . . < £,n- First note that 2N-1 ^ M. 
Indeed, this can be inferred from (|3.3p and the following inequalities 



< 66 < el < • • • < Cw-l < ^N-l^N < ^jf- 

Set r2jv = {(fc,0 e Jw X Jat: fc < 1} with Jat {l,...,iV}. By dSS]) the mapping 

12 AT 3 {i,j) I — > 66 supp/i is surjective, and thus M ^ card(i77v) = (^2^^)- 

(ii)=>(i) We shall prove that for every N £ N and for every M £ N such that 
27V — 1 < Af ^ i^2^) there exists a sequence < ... < of positive real 
numbers such thaci card ({66 ■ ^ -^n}) = M. Once this is done, we see that 

UZ^i=l S i /„=0 ^ '^A'LN- 

We proceed by induction on TV. The cases of iV = 1 and N = 2 are easily seen 
to hold. Suppose that our claim is valid for a fixed integer N which is greater than 
or equal to 2. Take Af G N such that 



(8.2) 2(A^+ 1) - 1 ^ A/ s$ 

First we consider the case when 

(8.3) A/ 3iV. 



iV + 2' 



^ For simplicity, we write {^i^j : i,j G Jjv} in place of {x S R| 3i,j S Jjv : a; = 
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It is clear that ko := {^+^)-2{N+l) ^ (because N ^ 2). Set k = M-2{N+1). 
It follows from (|8?2|) that -1 ^ k ^ ko. From (|83|) we infer that fc + 3 ^ iV + 1. Fix 
^1 G (0, oo) and t E (1, oo), and set = for j = 2, . . . , 1. It is easily seen 

that the sets E^+i {^.C, : e ^a^+i} and {ei}^{eit^-^^+^'u{eitntt!+l^'^ 
coincide. Thus, since k + 3 ^ N + 1, wc can arrange the elements of the set ^jv+i 
as follows 



< eiC2 < . . . < 6efe+3 < ^2 < 66 < 6' < 



< Cat < CaCah 



1 < 



Hence card(^Ar+i) = M. 

Now we consider the remaining possibility, namely that 



(8.4) 

Set M' = M - 
2N- 1 



(A^-f- 
= 3iV 



L). Then by 
US 

(N + l) < 



M > 3N. 
21) we have 

EI} /TV - 

M' ^ 



N+l 



By the induction hypothesis applied to Af ', there exists a sequence ^2 < • • • < Cn+i 
of positive real numbers such that card {{Ci^j : i, j — 2, . . . , N + l]) — M' . Then 
there exists ^1 G (0,^2) such that < ^1^2 < . . . < ^iS.n+i < Cl- Since ^| < ^i^j 
for aU i,j = 2, . . . , N + 1, we conclude that card ({66 ■ J = 1, . . . , iV + l}) = 
M' + + 1 = A'l. This completes the induction argument. Hence (i) is valid. 

It is a matter of routine to show that the conditions (ii) and (iii) are equivalent. 
The assertions (a) and (c) are easily seen to hold, so we only explicitly prove (b). 
Set Mk = C'^ ^) for keN. Then Mi = 1 and Mk+i - Ah = k + 1 for keN. Note 
that n_(l) = 1 and 



y/8AIk + 1-1 _ (2A: + 1)-1 



= k, keN. 



2 2 

This implies that for every fc S N and for every M G N such that Alk + I ^ AI ^ 
A'Ik+i, n_(M) = fc + 1. This completes the proof 



□ 



Using assertions (a) , (b) and (c) of Theorem 18.11 one can easily specify suc- 
cessive terms of the sequences {n_(M)}^^j^ and {n+(Af)}^^j. Below, we list the 
first fifteen terms of each of these sequences. 



AI 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 




n_(M) 


1 


2 


2 


3 


3 


3 


4 


4 


4 


4 


5 


5 


5 


5 


5 




n+(M) 


1 


1 


2 


2 


3 


3 


4 


4 


5 


5 


6 


6 


7 


7 


8 





Table 1 

Applying (|8.ip and Theorem 18. II (see also Table 1), we get the following corollary. 

Corollary 8.2. If AI e {2,4}, then e^J = 0. If AI e N \ {2,4}, then the set 
Am := {N e N: n„(A/) < < n+{AI)} is nonempty, &^m.n ^ ^ /"'^ ewer?/ 



N e Am and 6 



1/2 

M,N 



for every N eN \ Am ■ 



It is worth mentioning that the Stieltjes moment sequences {an}^o constructed 
in Examples l7.3U7.5l and 17. 4l belong to the classes &^:^2^ '^6 3 and respectively. 
According to CoroUarv 18.21 the square root of a Stieltjes moment sequence whose 
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representing measure is concentrated on either a two point or a four point subset 
of (0, oo) is never a Stieltjes moment sequence. Hence, the foUowing holds. 

Corollary 8.3 ( |151 Lemma 3.3]). If ai, oli, and ^2 are positive real numbers, 
then the sequence {-y/aii?" + q;2'!?2 }„_q o, Stieltjes moment sequence if and only 
if ^i='d2. 

Let {flnj^o be a Stieltjes moment sequence whose representing measure is con- 
centrated on a three point subset of (0, oo). Then there exit ai, a2, as, ^^i, '?2 5 "f^a S 
(0, oo) such that t?i < < '*?3 and a„ — aii?" -|-a2'^2 +o;3'^3 for all n £ Z_|_. Hence, 
in view of (jS.ip and Corollarv I8.2[ the sequence {-y/o^l^o is a Stieltjes moment 
sequence if and only if = ^i^^s and a"^ = iaia^. 

9. Appendix 

Here we present a proof of the implication (a)=>(b) of Corollarv l5.6l fiv) which 
is independent of Theorems 15.11 and 15.31 First, we state an auxiliary result. 

Lemma 9.1. //{flnj^o ^'^ Stieltjes moment sequence with a representing measure 
yU supported in [0,1], then lim^^oo Ofc = '^'^'^ {o^n — lhTLfc_i.oo a^l^o ^ 

Stieltjes moment sequence. 

Proof. By Lcbcsgue's monotone convergence theorem, limfc_j.oo Ofe = 
and thus {a„ — limfc_yoo a^j^o is a Stieltjes moment sequence with a representing 
measure /i|[o,i)- D 



Proof of implication (a)=>(b) of Corollary 15 . 6\ (iv) . According to (|2.ip 
and (|2.2|) . the Stieltjes moment sequences {a„}J^g and { v^o^j^o ^''^ determinate. 
Without loss of generality we can assume that -(92 = 1 (consider {'i?^"an}^o instead 
of {ojiI^q). We infer from (|2.2p applied to {a„}J^Q that 

(9.1) lim (7^)1/" = 1. 



By (|2.2p . supp C [0, 1]. It follows from Lemma lOl that lim„_i.oo v^On" = ^/i({l}). 
Now, by Lemma applied to { v^o^j^oi see that { ^^/a^ — ^^({1})}^q is 
a Stieltjes moment sequence. According to our assumption, {a„ — /i({l})}i^o is 
a Stieltjes moment sequence with the representing measure /ii = ^|[o.iJi]. Since 
"i?! e suppyU, we get iJi = sup supp /.Ji, which together with p.2p leads to 

(9.2) lim (a„-A^({l}))'/" 



n— ^00 



By the mean value theorem, we have (recall that an — /i({l}) ^ for all n ^ 0) 

m({i}) 



= — — . n = 0,l,2,..., 

where r„ is a real number such that /i({l}) ^ t„ ^ a„. This implies that 

(9.3) ^rr — < V^- V/^({1}) < — TTTTT^ir' " = 0,1,2,.. 

j^an-- ^m({1}) - 

The conditions ([9?T|) . ((9?2|) and ((93| combined give 

(9.4) lim (7^- VMUl))'^" = ^1- 

n— ^oo 



ON THE j<TH ROOT OF A STIELT.IES MOMENT SEQUENCE 
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This together with (|2.2p implies that a representing measure of the Stieltjes moment 
sequence { ij/a^— ^^({1}) }5^o supported in [0, Since 

^= (7^- VMM) + VMUI), r^ = 0,l,2,..., 
we deduce from (|9.4p and /i({l}) > that the representing measure of { y^jj^o 
is supported in [O,"!?!] U {1} and 1} C suppi^. □ 
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